Continua for which connected partitions are compact  by Jordan, Francis
Topology and its Applications 154 (2007) 309–325
www.elsevier.com/locate/topol
Continua for which connected partitions are compact
Francis Jordan
Department of Mathematics and Computer Science, Georgia Southern University, Statesboro, GA 30458, USA
Received 30 May 2005; accepted 24 April 2006
Abstract
We investigate connected partitions of continua into compacta. In particular, we consider continua with property that every
connected partition into compacta is compact. We characterize graphs which have this property as the trees and the simple closed
curve. Dendrites are shown to have the property. An example of a nonlocally connected continuum with the property is also given.
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1. Introduction
In the search for continuous selections of arbitrary partitions of a space X into compacta the connectedness of
subsets of the partition seem to play a crucial role (see [7,5,6,13]). In this paper we study, for their own sake, connected
partitions of continua into compacta. An interesting property of dendrites is that connected partitions are compact as
well. Indeed, this connected implies compact property is the primary object of study here. We will see that the property
imposes rather strong restrictions on the structure of a continuum. While we do not have a characterization of continua
that satisfy the property, we do have a characterization among the graphs.
2. Terminology
By ω we denote simultaneously the nonnegative integers and the cardinality of the nonnegative integers. For an
arbitrary set S we denote its cardinality by |S|.
For a set A ⊆ X we write cl(A), int(A), bd(A) for the topological closure, interior, and boundary of A in X,
respectively.
A maximal connected subset of a space X is called a component of X. Given a point x ∈ X the quasicomponent of x
is the intersection of all clopen, i.e. closed and open, subsets of X containing x. It is well known that every component
of a space is contained in a quasicomponent and that the reverse containment is not generally true. If a space X can
be written as the union of two disjoint nonempty closed sets A and B we say that A and B form a separation of X
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different quasicomponents of X \C of X.
By a compactum we mean a nonempty compact metric space. A continuum is a connected compactum. A space is
a dendrite provided that it is a locally connected continuum containing no simple closed curve. If X is a dendrite and
x, y ∈ X we let [x, y] denote the unique arc having x and y as its endpoints (in case x = y, [x, y] = {x}). A graph is
a continuum that is the union of a finite number of arcs any two of which intersect in at most their endpoints. A tree
is a graph that contains no simple closed curve. Let S1 stand for the unit circle centered at the origin in the plane. The
noose is the graph S1 ∪ ([1,3] × {0}) in R × R.
Let X be a topological space. We say X is regular at a point x ∈ X provided that there is a local base of open
neighborhoods with finite boundary at x. We say X is regular if it is regular at each of its points. Given a regular
point x of X we define the order of x in X, written ordX(x), to be the smallest cardinal λ such that x has a local base
consisting of open sets U such that |bd(U)| λ and bd(U) is finite. We call points of order one endpoints of X. We
denote set of all endpoints of X by E(X).
Suppose X is a metric space with metric d. The diameter of a nonempty set A ⊆ X is defined by diam(A) =
sup{d(x, y): x, y ∈ A}. Given nonempty sets A,B ⊆ X we define d(A,B) = inf({d(x, y): x ∈ A & y ∈ B}). Given
nonempty sets A,B ⊆ X we define the Hausdorff distance between A and B to be
H(A,B) = max(sup({d({x},B): x ∈ A}), sup({d(A, {y}): y ∈ B})).
When H is restricted to the compact subsets of X it is a metric known as the Hausdorff metric. We denote the space
of compacta with the Hausdorff metric (equivalently the Vietoris topology) by 2X . Recall that a basic open set in the
Vietoris topology has form
〈U1, . . . ,Un〉 =
{
A ∈ 2X: A ⊆
n⋃
i=1
Ui and A∩Ui = ∅ for 1 i  n
}
where Ui is an open subset of X for each 1 i  n.
Given a space X and S ⊆ 2X we say that h :S → X is a selector provided that the cardinality of S ∩ h[S] is
exactly 1 for all S ∈ S . If h is continuous we say h is continuous selector. If h is a homeomorphism between S and
h[S] we say that h is a homeomorphism selector.
We say a family F of disjoint sets in a space X is manageable provided that ⋃F is closed in X and for every
F ∈F there is an open set U such that F ⊆ U and U ∩ (⋃(F \ {F })) = ∅. Notice that the elements of a manageable
collection must be closed and that any subset of a manageable collection is manageable. A partition S of a metric
space X into compacta (considered as a subset of 2X) is said to be admissible provided that:
C1 S is regular,
C2 if S ∈ S has a nondegenerate component then {S} is a component of S ,
C3 any two distinct points of S can be separated by a third point in S , and
C4 for every  > 0 the collection of all components Q of S such that some component of ⋃Q has diameter at least
 is manageable.
Given a partition S of X the membership function F :X → S is defined by x ∈ F(x). Notice that F−1(T ) =⋃T for
any T ⊆ S .
3. Results
Theorem 1. Let X be a dendrite. If S is a connected partition of X into compacta, then S is homeomorphic to
a subcontinuum of X.
While we have no general characterization of continua with the property that every connected partition is compact,
we do have a characterization for graphs.
Theorem 2. Let X be a graph. The following conditions are equivalent:
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(2) there is a connected partition of X into compacta that is not compact,
(3) there is a continuous function g from X onto a simple closed curve J such that {g−1(j): j ∈ J } is connected and
not compact,
(4) there is an open map from X onto the noose.
To prove Theorem 2 we will use the following preservation result.
Theorem 3. Let X and Y be continua and f :X → Y be an open map. If S ⊆ 2Y is a partition of Y , then the collection
S∗ = {f−1(S): S ∈ S} is a partition of X into compacta and S∗ is homeomorphic to S .
Proof. Clearly, S∗ is partition of X into compacta. Let g :S∗ → S be defined by g(T ) = f [T ]. Notice that g is a
continuous bijection.
We claim g is an open map. Let S ∈ S and (Sn)n∈ω be a sequence on S such that limSn = S. Let T = g−1(S) and
Tn = g−1(Sn) for every n ∈ ω. It is enough to show that limTn = T .
Let x ∈ lim supTn. There is a sequence (nk)k∈ω and xk ∈ Tnk such that limxk = x. By continuity of f , limf (xk) =
f (x). Since f (xk) ∈ Snk for every k and limSnk = S, it follows that f (x) ∈ S. So, x ∈ T . Thus, lim supTn ⊆ T .
Suppose now that t ∈ T . Let s = f (t) ∈ S. Since limSn = S, there exist a sequence (sn)n∈ω such that lim sn = s and
sn ∈ Sn for every n. Since f is open, there exists a sequence (tn)n∈ω such that f (tn) = sn for every n and lim tn = t .
Thus, t ∈ lim infTn.
Since lim supTn ⊆ T ⊆ lim infTn, limTn = T . 
An immediate corollary of Theorem 3 is:
Corollary 4. Let X and Y be continua and f :X → Y be an open map. If every connected partition of X into compacta
is compact, then every connected partition of Y into compacta is compact.
Simple closed curves and dendrites not the only locally connected continua with the property that every connected
partition is compact. There are also continua which are not locally connected and have the property that every con-
nected partition is compact. We construct the examples in Sections 8 and 7, respectively.
Example 1. There is a locally connected continuum X that is not a dendrite or simple closed curve such that if S is a
connected partition of X into compacta, then S is compact.
Example 2. There is a nonlocally connected continuum X such that if S is a connected partition of X into compacta,
then S = {X} or S = {{x}: x ∈ X}.
However, many nonlocally connected continua do not have the property that every connected partition is compact.
Theorem 5. If a continuum X contains a nondegenerate, nowhere dense, nonseparating subcontinuum W , then there
is a connected partition of X which is not compact.
We collect some facts that can be found in [6].
Proposition 6. Let X be a metric space and S be a partition of X into compacta with membership function F and C
be a connected subset of S :
(a1) (Lemma 11) If X is regular, then S is regular.
(a2) (Lemma 10) If C is a quasicomponent of ⋃C, then F(C) = C.
(a3) (Lemma 15) If a metric space Y is regular and connected, then Y is locally connected.
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(a5) (Proof of Lemma 18) If U ⊆ X is open, then F [U ] is open in S .
We will also use the following proposition due to G.T. Whyburn
Proposition 7. [14, Chapter X, 2.4] Let X and Y be compact metric spaces and f :X → Y be a light open onto map.
If D ⊆ Y is a dendrite and a ∈ f−1(D), then there is a continuum W ⊆ X such that a ∈ W and f |W :W → D is a
homeomorphism.
4. Proof of Theorem 1
Lemma 8. Let X be a dendrite and Y be a regular topological space. If M ⊆ X is connected and f :M → Y has
compact point-inverses and f |K is continuous for every arc K ⊆ M , then f is continuous.
Proof. Let x ∈ M and {xn}n∈ω be a sequence of distinct points in M such that limxn = x.
Since X is a dendrite, it follows that lim[x, xn] = x. Since M is connected, [xn, x] ⊆ M for all n. By way of
contradiction, assume that limf (xn) = f (x). Taking a subsequence, if necessary, there is a open set U ⊆ Y such
that U ∩ {f (xn): n ∈ ω} = ∅ and f (x) ∈ U . Since Y is regular, we may assume that bd(U) is finite. For every
n ∈ ω, f [[x, xn]] ∩ bd(U) = ∅. So, there is a q ∈ bd(U) such that q ∈ f [[x, xn]] for infinitely many n. It follows that
f−1(q) ∩ [x, xn] = ∅ for infinitely many n. Since lim[x, xn] = x and f−1(q) is compact, it follows that f (x) = q
contradicting that f (x) ∈ U . 
Lemma 9. If X is a dendrite and C is a collection of mutually disjoint compacta which is connected in 2X , then for
every a ∈⋃C there is a homeomorphism selector h for C such that a ∈ h[C].
Proof. Let F be the membership function for S . Let θ be the collection of all nonempty M ⊆⋃C such that a ∈ M ,
F |M is one-to-one, and for any two points p,q ∈ M we have [p,q] ⊆ M and F |[p,q] is continuous. It is easily
checked that θ satisfies the hypothesis of the Hausdorff Maximal Principle. Let M be a maximal element of θ .
In the proof of Lemma 20 of [6] it is shown that (F |M)−1 :C→ M is a continuous selector.
We show that F |M :M → C is continuous. By the way we constructed M , F |M is one-to-one and F |A is con-
tinuous for every arc A ⊆ M , and M is connected. By Proposition 6(a1), C is a regular space. By Lemma 8, F |M is
continuous. 
Lemma 10. If X is a dendrite and C is a collection of mutually disjoint compacta which is connected in 2X , then there
is a homeomorphism selector h for C such that h[C] is closed in ⋃C.
Proof. Let F be the membership function for C. By way of contradiction, assume that no such selector exists.
Let a0 ∈⋃C. By Lemma 9, there is a homeomorphism selector h0 :C → X such that a0 ∈ h0[C]. Since h0[C] is
not closed in
⋃C there is an a1 ∈⋃C such that a1 ∈ cl(h0[C]) \ h0[C]. Let b = h0(F (a1)).
We claim that F |[b, a1] is not continuous at a1. By way of contradiction, assume that F |[b, a1] is continuous at a1.
Since {a1} ∪ h0[C] is arcwise connected, [b, a1) ⊆ h0[C]. Now F |[b, a1] is continuous, is one-to-one on [b, a1), and
F(a1) = F(b). So, F [[b, a1]] contains a simple closed curve. However, C is homeomorphic to a subset of the dendrite
X a contradiction.
By Lemma 9, there is a homeomorphism selector h1 :C → X such that a1 ∈ h1[C]. Notice that h0[C] ∪ h1[C] is
connected.
We claim that h0[C] ∩ h1[C] = ∅. If there is a r ∈ h0[C] ∩ h1[C], then F |[b, r] and F |[a1, r] are both continuous. It
follows that F |[b, a1] is continuous which contradicts the previous claim. Thus, h0[C] ∩ h1[C] = ∅.
Suppose now that n 2 and we have constructed homeomorphism selectors {hk}k<n and points {ak}k<n such that
for all 1 l < n
(1l)
⋃
kl hk[C] is connected,
(2l) cl(hl−1[C])∩ hl[C] = {al}, and
(3l) {hk[C]}kl is a mutually disjoint collection of sets.
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As hn−1[C] is not closed in ⋃C there is an an ∈ (⋃C ∩ cl(hn−1[C])) \ hn−1[C]. By Lemma 9, there is a homeo-
morphism selector hn :C→ X such that an ∈ hn[C].
Notice that
⋃
k<n+1 hk[C] is connected by (1n−1) and the choice of an ∈ cl(hn−1[C]). So, we have (1n).
We claim that hn[C] ∩ hn−1[C] = ∅. Suppose there is a r ∈ hn[C] ∩ hn−1[C]. Let b ∈ hn−1[C] be such that
F(b) = F(an). Notice that F |[b, r] and F |[an, r] are both continuous. It follows that F |[b, an] is continuous. Since
[b, an) ⊆ hn−1[C], F |[b, an) is injective. So, F [[b, an]] ⊆ C is a simple closed curve, which contradicts that C is
homeomorphic to a subset of X. Thus, hn−1[C] ∩ hn[C] = ∅.
We claim that hn[C] ∩⋃kn−2 hk[C] = ∅. Suppose there is a s ∈ hn[C] ∩⋃kn−2 hk[C]. By (1n−2) (if n = 2,
we use that h0[C] is connected), [s, an−1) ⊆⋃kn−2 hk[C]. Also, [an−1, an) ⊆ hn−1[C] and [an, s] ⊆ hn[C]. Since
hn−1[C] ∩ (hn[C] ∪ (⋃kn−2 hk[C])) = ∅, [s, an−1) ∪ [an−1, an) ∪ [an, s] contains a simple closed curve, which is
impossible.
By the previous two paragraphs we have (3n).
By construction an ∈ cl(hn−1[C]) ∩ hn[C]. By way of contradiction, assume there is a w ∈ cl(hn−1[C]) ∩ hn[C]
such that w = an. Since hn−1[C]∪{an,w} is connected, (an,w) ⊆ hn−1[C]. On the other hand, [an,w] ⊆ hn[C]. Since
hn−1[C] ∩ hn[C] = ∅, [an,w] ∪ (an,w) is a simple closed curve, a contradiction. Thus {an} = cl(hn−1[C]) ∩ hn[C].
So, we have (2n).
Now {hn[C]}n∈ω is an infinite sequence of mutually disjoint connected sets. Since X is a dendrite,
lim diam(hn[C]) = 0. So there is an x ∈ X such that limhn[C] = x. Since the elements of C are compact, x ∈⋂C.
So, C is degenerate. Since C degenerate, h[C] is closed in ⋃C for any continuous selector h, which contradicts our
original assumption about C. 
Proof of Theorem 2. Let X be a dendrite and S be a connected partition of X into compacta. By Lemma 10, there
is a homeomorphism selector h :S → X such that h[S] is closed in ⋃S = X. Thus, h[S] is compact. So, S is
homeomorphic to a subcontinuum of X. 
5. Proof of Theorem 2
Lemma 11. Let X be a hereditarily locally connected continuum and S be a partition of X into compacta with
membership function F . If Q is a nondegenerate connected subset of S , then ⋃Q has finitely many components.
Proof. Suppose
⋃Q has infinitely many components. By [14, Chapter V, 2.6], the components of ⋃Q form a null
family. So, there is a sequence {Cn}n∈ω of components of ⋃Q such that diam(Cn) < 1/2n for every n and a point
x ∈ X such that limCn = {x}. Since X is hereditarily locally connected, each component ofQ is a quasicomponent of
Q [14, Chapter 5, 2.4]. By Proposition 6(a2) F [Cn] =Q for every n. Since the elements of Q are compacta, x ∈ Q,
for every Q ∈Q. Since S is a partition it follows that Q is degenerate. 
Let X be a metric space and A ⊆ X be nonempty and compact. We say A is a regular set in X provided that A has
a base of neighborhoods in 2X of the form 〈U1, . . . ,Un〉 where bd(Ui) is finite for every 1 i  n.
Lemma 12. Let X be a metric space and S be a partition of X into compacta and F :X → S be the membership
function. If x ∈ X and F(x) is a regular set in X, then ordX(x) ordS(F (x)).
Proof. Let λ = ordX(x). Let U = 〈U1, . . . ,Un〉 be a open neighborhood of F(x) such that x ∈ U1, bd(U1) λ and
bd(Ui) is finite for all 1  i  n. Notice that any T ∈ bd(U) must have nonempty intersection with ⋃ni=1 bd(Ui).
Since
⋃n
i=1 bd(Ui) is finite and S is a partition, bd(U) is finite.
We claim there is an open W1 such that x ∈ W1 ⊆ U1 and bd(U) ∩ F [W1] = ∅. Assume it is not the case. For any
neighborhood V of x there would be a y ∈ V such that F(y) ∩ bd(U) = ∅. Since bd(U) is finite, there would be an
S ∈ bd(U) such that S ∩V = ∅ for every neighborhood V of x. By compactness of S, we would have x ∈ S, in which
case, F(x) = S contradicting that F(x) ∈ U .
Let W1 be as in the claim. Let W be an open neighborhood of x such that cl(W) ⊆ W1, bd(W) is finite and
|bd(W)| λ.
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Since Sn ∩ W = ∅ for every n ∈ ω, ∅ = S ∩ cl(W) ⊆ W1. By our choice of W1, S /∈ bd(U). Since S /∈ bd(U) and
S ∈ cl(F [W ] ∩ U) ⊆ cl(U), we have S ∈ U . Let Rn ∈ S \ T be such that limRn = S. Since S ∈ U , Rn ∈ U for almost
all n ∈ ω. So, Rn /∈ F [W ] for almost all n ∈ ω. In particular, Rn ∩ W = ∅ for almost all n ∈ ω. Let z ∈ S ∩ cl(W).
Since z ∈ limRn, we have z ∈ bd(W). Thus, bd(T ) ⊆ F [bd(W)]. So, |bd(T )| λ and is finite. Since F(x) ∈ T ⊆ U ,
ordS(F (x)) λ. 
Since every nonempty compact subset of a regular space X is a regular set, we have the immediate corollary:
Corollary 13. Let X be a regular space and S be a connected partition of X into compacta and F :X → S be the
membership function. If x ∈ X, then ordS(F (x)) ordX(x).
Lemma 14. Suppose X is a graph and S is a partition of X into compacta. If C ⊆ S is a nondegenerate connected
subset of S , then C is finite for every C ∈ C.
Proof. Let F be the membership function of S . Suppose there is a C ∈ C such that C is infinite. By Lemma 11,
F−1(C) has only finitely many components. So, we may assume that D ∩ C is infinite for some component D of
F−1(C). Since D, is a nondegenerate connected subset of a graph, we can find triples {(an, bn, cn)}n∈ω and arcs
An ⊆ D such that {an, bn, cn} ⊆ C, {an, cn} = E(An), bn ∈ An \ {an, cn}, bdX(An) ⊆ {an, cn}, and diam(An) 1/2n.
Taking a subsequence, if necessary, we may assume that there is an x ∈ X such that limAn = {x}. By Proposi-
tion 6(a4), F [An] = C for every n. Since the elements of C are compact, it follows that x ∈⋂C. Thus, C = {F(x)}
which contradicts the assumption that C is nondegenerate. 
Lemma 15. Suppose X is a graph and S is a partition of X into compacta. If C ⊆ S is a nondegenerate connected
subset of S , then there is a compactification W of C that is a graph and W \ C ⊆ E(W).
Proof. Let F be the membership function of S . Let G ⊆ X be a finite set such that X \ G is a finite union of sets
homeomorphic to (0,1). Let H = F−1(F [G]). By Lemma 14, H is finite. So, X \ H =⋃A where A is a finite
collection of mutually separated sets such that A is homeomorphic to (0,1) for all A ∈A.
Let E be a component of C \ F(G). By Corollary 13 and Proposition 6(a3), C is locally connected. So, E is
nondegenerate. By Lemma 11, F−1(E) has finitely many components E1, . . . ,En. By Proposition 6(a2), F [Ei] = E
for all i. Notice that Ei is a subset of an arc in X \H for all i. Since F−1(E) is homeomorphic to a subset of an arc,
we may consider E to be a connected subset of a partition of an arc into compacta. By Lemma 10, E is homeomorphic
to a connected subset of some Ei . It follows that E is homeomorphic to [0,1), (0,1), or [0,1].
We claim that C \F(G) has finitely many components. Since C is locally connected, the boundary of each compo-
nent of C \ F(G) is contained in F(G). So, if C \ F(G) had infinitely many components, then some element of the
finite set F(G) would have order ω, which would contradict that X is a graph, by Corollary 13.
Since each component of C \F(G) is homeomorphic to (0,1) or [0,1) or [0,1], C is the union of a subset of F [G]
together with finitely many mutually separated sets homeomorphic to (0,1) or [0,1) or [0,1]. Since C is locally
connected and connected, it can be verified that C is a connected subset of a graph. Since C is a connected subset of a
graph, it may be compactified to a graph W such that C \W ⊆ E(W). 
Lemma 16. Every connected partition of a simple closed curve is compact.
Proof. Let X be a simple closed curve and S be a connected partition of X into compacta. Let F be the membership
function of S .
By way of contradiction, assume that S is not compact. If S = {X}, then S is homeomorphic to a point. So, we
may assume that S is nondegenerate. By Lemma 15, there is a graph W such that S is a connected subset of W and
W \ S ⊆ E(W). By Corollary 13, every point of W has order at most 2. It follows that W is a simple closed curve or
an arc. If W is a simple closed curve, then S = W since E(W) = ∅. So, we assume that W = [0,1]. Since S is not
compact, S is homeomorphic to either (0,1) or [0,1).
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By [6, Theorem 2], there is a continuous selector h :S → X such that x ∈ h[S]. Notice that h[S] = X, otherwise
S = {{x}: x ∈ X} which is compact. Let y, z ∈ h[S]. Let A be the arc from y to z that is contained in h[S]. Notice
that h|[F(y),F (z)] is a homeomorphism. Since h[S] = X, h[[F(y),F (z)]] = A. So, F |A is continuous. Thus, F is
continuous on every arc contained in h[S]. So, by Lemma 8, F |h[S] is continuous. Thus, h[S] is a homeomorphism
selector with x ∈ h[S].
Suppose S is homeomorphic to (0,1). Let h :S → X be a homeomorphism selector. Let (a, b) = h[S] (we include
the possibility that a = b). Let g :S → X be a homeomorphism selector such that a ∈ g[S]. Since g[S] is homeomor-
phic to (0,1), there is an open neighborhood U of a such that U ⊆ g[S]. Since F |g[S] and F |h[S] are continuous,
F |[a, b) is continuous. Since F [(a, b)] = S and F |(a, b) is injective and F |[a, b) is continuous, F [[a, b)] contains a
simple closed curve, a contradiction.
We now assume that S is homeomorphic to [0,1). Let S the endpoint of S . By Lemma 14, S is finite. Let S =
{a0, a1, . . . , an}.
For each 0  i  n let hi :S → X be a homeomorphism selector such that ai ∈ hi[S]. For each i let bi be such
that {bi} = cl(hi[S]) \hi[S]. Notice that cl(hi[S]) is an arc with distinct endpoints ai and bi . Let B = {bi : 0 i  n}
Since F |hi[S] is a homeomorphism onto S and S contains no simple closed curve, F | cl(hi[S]) is not continuous at
bi for any i.
We claim that B = S. Let b ∈ B . There is a homeomorphism selector h :S → X such that b ∈ h[S]. Since F is
continuous at every point of the interior of h[S] and F is not continuous at b, it follows that b = h(S) ∈ S. Thus,
B ⊆ S. By way of contradiction, assume that B = S. Since B ⊆ S, there exist 0 i < j  n such that bi = bj . Since
ai = aj and F |hi[S] and F |hj [S] are homeomorphisms, cl(hi[S])∩ cl(hj [S]) = {bi}. It now follows that F |J is not
continuous for any J ⊆ X which is homeomorphic to [0,1) and contains bi , which is a contradiction to the existence
of a homeomorphism selector of S such that bi ∈ h[S]. Thus, B = S.
Let (Sk)k∈ω be a sequence on S such that limSk = T where T ∈ 2X \ S . For every 0  i  n let (xik)k∈ω be a
sequence on hi[S] such that F(xik) = Sk . Notice that limxik = bi for all i. Thus, S ⊆ T . Let p ∈ T . There exist points
pk ∈ Sk such that limpk = p. If p /∈ S, then F is continuous at p, because there is a homeomorphism selector h of
S such that p ∈ int(h[S]). So, limSk = limF(pk) = F(p) ∈ S , which contradicts our choice of (Sk)k∈ω. So, p ∈ S.
Thus, T ⊆ S. Now, T = S ∈ S which is the final contradiction. 
Following [1], given two disjoint closed nowhere dense subsets A and B of a locally connected continuum X
we define C(A,B) to be the union of A ∪ B together with all arcs J such that |J ∩ A| = 1, |J ∩ B| = 1, and
E(J ) = J ∩ (A∪B). The set C(A,B) is called the cyclic chain from A to B .
Proposition 17. [1, Corollary 13] If X is a locally connected continuum and there exist disjoint closed nowhere
dense sets A,B ⊆ X such that X = C(A,B), then there is an open map f :X → [0,1] such that f−1(0) = A and
f−1(1) = B .
Lemma 18. Let X be a graph and A ⊆ X be finite and nonempty. There is an open map f :X → [0,1] such that
f−1(0) = A.
Proof. Let M denote the collection of all finite subsets of X such that X \M is connected and A∩M = ∅. Since X
is a graph, there is an n ∈ ω such that |M| < n for all M ∈M [10]. So there is a ⊆-maximal element P of M. By
maximality of P , E(X) \A ⊆ P and X \ P contains no simple closed curve.
Notice that (X\P)\A has finitely many components {C1, . . . ,Cn}. For each 1 i  n. Notice that bd(Ci) ⊆ A∪P
for every i. If bd(Ci) ⊆ A pick ci ∈ Ci and let Bi = {ci}. If bd(Ci)  A Let Bi = ∅. Let B = P ∪ (⋃ni=1 Bi).
We claim that X = C(A,B). Let x ∈ X \ (B ∪A). Let Ci be the component of (X \ P) \A which contains x. By
maximality of P , X \ (P ∪{x}) is not connected. Let X \ (P ∪{x}) = R|S. Since x ∈ cl(S) and Ci is open, Ci ∩S = ∅,
Similarly, Ci ∩R = ∅. So, Ci \ {x} is not connected. We consider two exhaustive cases.
Case 1. bd(Ci) ⊆ A.
In this case Bi = {ci}. There is an arc J1 ⊆ Ci such that E(J1) = {x, ci}. Clearly, J1 ∩ (A ∪ B) = {ci}. Let D be
a component of Ci \ {x} such that ci /∈ D. Since X is locally connected, D is open in X.
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Since X \ P contains no simple closed curve, cl(D) is a tree. By the noncutpoint existence theorem [14, Chapter 3,
6.1] there is a noncutpoint y of cl(D) such that y = x. Since cl(D) is a tree, y is an endpoint of cl(D). If y ∈ D, then
y ∈ E(X) \P ⊆ A since D is open in X. If y /∈ D, then y ∈ A since cl(D) ⊆ D ∪ {x} ∪A. In either case y ∈ A. Let J2
be the unique arc from y to x in D ∪ {x} ∪ {y}. Notice that E(J2) = {x, y} and A∩ J2 = {y}. It is now easily checked
that the arc J1 ∪ J2 shows that x ∈ C(A,B).
Case 2. bd(Ci)  A.
Let Ci \ {x} = K|L. Since bd(Ci) ⊆ A, bd(Ci) ∩ P = ∅. Since X \ P is connected, cl(Ci) ∩ A = ∅. So, we may
assume that there is an a ∈ cl(K)∩A and a p ∈ cl(L)∩P . Since K ∪ {a} and L∪ {p} are connected, there are arcs I1
and I2 such that E(I1) = {a, x}, I1 \ E(I1) ⊆ K , E(I2) = {p,x}, and I2 \ E(I2) ⊆ L. Since K ∩L = ∅ and A∩P = ∅,
I1 ∪ I2 is an arc. It is easily checked that I1 ∪ I2 shows that x ∈ C(A,B).
Since C(A,B) = X, Proposition 17 guarantees that the desired open map f :X → [0,1] exists. 
By a wrapping map on a simple closed curve M we mean a map f :M → M that is (up to homeomorphism)
identical to the map on the unit circle defined by z → zk where k is a positive integer.
Lemma 19. Let X be a graph. If X is not a simple closed curve or tree and M ⊆ X is a simple closed curve, then
there is an open map f from X onto a noose N ⊆ X such that M ⊆ N , f |M is a wrapping map, and f | cl(N \M) is
the identity map.
Proof. Since X is not a tree, there is a simple closed curve M ⊆ X. Since M = X and X is a graph, there are finitely
many nonempty components {C1, . . . ,Cn} of X \ M . For each 1  i  n cl(Ci) is a graph. Since X is a graph,
cl(Ci) ∩ M is finite. Let Ai = cl(Ci) ∩ M for every i. By Lemma 18, there is for every i an open map hi : cl(Ci) →
[0,1] such that h−1i (0) = Ai . Define h :
⋃n
i=1 cl(Ci) → [0,1]. By h(x) = hi(x) if x ∈ cl(Ci). We leave it to the reader
to verify that h is well defined and open. Notice that h−1(0) =⋃ni=1 Ai .
By Proposition 7, there is an arc Y ⊆ ⋃ni=1 cl(Ci) such that h|Y :Y → [0,1] is a homeomorphism. Let
g :
⋃n
i=1 cl(Ci) → Y be defined by g = (h|Y)−1 ◦ h. Notice that g|Y is the identity map. Let a ∈ Y ∩ h−1(0). Clearly,
N = Y ∪M is a noose.
Since h−1(0) is finite, there is a wrapping map k :M → M such that k−1(a) = h−1(0). We leave to the reader
verify that the map f :X → N defined by f (x) = k(x) if x ∈ M and f (x) = g(x) if x ∈⋃ni=1 cl(Ci) has the desired
properties. 
Proof of Theorem 2. (1) implies (4) follows from Lemma 19.
(4) implies (3). Suppose X is a graph and there is an open map f :X → Y where Y = S1 ∪ ([1,3] × {0}) is the
noose. Let S be the partition of the noose defined by S =A∪B where:
A= {{(2 −w,0), (w,√1 −w2 )}: w ∈ [−1,1]}
and
B = {{(w,−√1 −w2 )}: w ∈ [−1,1]}.
Notice that S is connected and is not compact. Moreover, S is a partition of Y corresponding to a continuous retract
g from Y onto S1. By Theorem 3, the collection S∗ = {f−1(S): S ∈ S} is a partition of X into compacta and S∗ is
connected and not compact. Observe, that S∗ is the partition of X induced by point inverses of the continuous function
g ◦ f from X onto J .
(3) implies (2) is obvious.
(2) implies (1) follows from Lemma 16 and Theorem 1. 
6. Proof of Theorem 4
Let c denote the cardinality of the real numbers. We say a space X is c-connected provided that X \A is connected
for every A ⊆ X of cardinality less than c.
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connected subset C of X. Connectivity functions have been studied extensively (e.g., [3,4]).
Proposition 20. [7, Lemma 6.1] Let X, Y1, and Y2 be nondegenerate connected separable metric spaces such that Y1
and Y2 are c-connected. Let C be a collection of at most c-many nondegenerate connected subsets of X. Let πY1 and
πY2 be the natural projections of Y1 × Y2 onto Y1 and Y2, respectively. There is a function f :X → Y1 × Y2 such that
(i) |{x ∈ X: yi = πYi (f (x))}| = 1 for all yi ∈ Yi and i = 1,2;
(ii) the graph of f |C is connected and dense in C × (Y1 × Y2) for each C ∈ C.
Lemma 21. If X is a nondegenerate indecomposable continuum, then there is a connected partition S of X such that
there exist S,T ∈ S such that |S| = 1 and |T | > 1.
Proof. By [9, 11.15] X cannot be disconnected by a countable set. Since X is compact, it follows from [8, Theorem 3,
p. 155] that X is c-connected. By [7, Lemma 4.2], X is the disjoint union of two dense c-connected sets X∗1 and X∗2 .
Since both X∗1 and X∗2 are dense and connected, X is the union of two dense c-connected sets X1 and X2 such that|X1 ∩X2| = 1.
Let f : [0,1] → X1 ×X2 be as in Proposition 20 with C = {[0,1]}, Y1 = X1, and Y2 = X2. Since the graph of f is
dense and connected in [0,1] × (X1 ×X2), we may assume that f (0) = (p,p) where {p} = X1 ∩X2. Let π1 and π2
be the natural projections of X1 × X2 onto X1 and X2, respectively. Identifying f with its graph, define g :f → 2X
by g((x,f (x)) = {π1(f (x)),π2(f (x))}. It is easily verified that g is continuous. Now, g[f ] is a connected partition
of X with the desired properties. 
Proof of Theorem 5. Assume that W contains a nondegenerate indecomposable continuum Z. Let S1 be a connected
partition of Z and S,T ∈ S1 be as in Lemma 21. Let S2 = {{x}: x ∈ X \ Z}. Let S = {s}. Now S = S1 ∪ S2 is
a connected partition of X, since X \ Z is connected and s ∈ cl(X \ Z). Let t ∈ T and zn ∈ X \ Z be such that
lim zn = t . Since lim{zn} = {t} = T , S is not compact.
So, we may assume that W is hereditarily decomposable. Let Y ⊆ W be a continuum irreducible between two
points. By [12, Theorem 10] there is a monotone continuous surjection f :Y → I such that f−1(w) is nowhere dense
in Y . By [5, Proposition 2.2] there are points 0  r < s < t  1 such that the function G : [0,1] → 2Y defined by
G(w) = f−1(w) is continuous at r , s, and t . Let z ∈ f−1(s). By [5, Lemma 3.5] (and its proof) there are dense con-
nected subsets H and J of f−1([r, s]) and f−1([s, t]), respectively and an injective connectivity function g :H → J ,
and singletons a, b, c, such that H ∩ f−1(r) = {a}, H ∩ f−1(s) = {b}, H ∩ f−1(t) = {c}, g(a) = c, g(b) = b, and
g(c) = a. Let T1 = {{x,g(x)}: x ∈ H }. Notice that T1 is connected and {b,h(b)} is the only singleton in T1. Let
T2 = {{x}: x ∈ X \ (H ∪ J )}. As in the previous case one can verify that T = T1 ∪ T2 is a partition of X which is
connected but not compact. 
7. Example 2
We first establish some general results about partitions and open maps for use in the construction.
Lemma 22. Let X be a subset of a dendrite and S be a partition of X into compacta with membership function F and
C ⊆ S be connected. If p ∈ X and {p} ∈ C, then F |[p,q] is a homeomorphism for any q ∈ F−1(C).
Proof. By Lemma 9, there is a homeomorphism selector h :C→ X such that q ∈ h[C]. Since {p} ∈ C, p ∈ h[C]. Thus,
F |[p,q] is a homeomorphism. 
Corollary 23. Let X be a dendrite. If f :X → Y is an open map p ∈ X and f−1(f (p)) = {p}, then h|[p,q] is a
homeomorphism for any q ∈ X.
Proof. The partition of X induced by the point-inverses of f is a continuum and f−1(p) = {p} so we may apply
Lemma 22. 
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{Dk: k ∈ ω} such that limDk = q . If S is a partition of X into nowhere dense compacta with membership function F ,
then S \ F(q) has infinitely many components.
Proof. Assume that S \ F(q) has only finitely many components C1, . . . ,Cn. Let A ⊆ {1, . . . , n} be such that Ci is
degenerate if and only if i ∈ A. Since the elements of S are nowhere dense, Dk \ F−1({F(q)} ∪ (⋃i∈A Ci )) = ∅ for
every k ∈ ω. Let Ek = Dk \ F−1({F(q)} ∪ (⋃i∈A Ci )) for each k ∈ ω. Since ⋃k∈ω Ek ⊆⋃i /∈A F−1(Ci ), there is a
j /∈ A such that F−1(Cj )∩Ek = ∅ for all k in some infinite subset B of ω. Let k ∈ B and Qk be a quasicomponent of
F−1(Cj ) such that Qk ∩Ek = ∅. Since F−1(Cj )∩F(q) = ∅ and Dk is clopen in X \ {q}, it follows that Qk ⊆ Dk . By
Proposition 6(a2), F [Dk] = Cj . So, every element of Cj has nonempty intersection with every Dk where k ∈ B . Since
limDk = q and the elements of Cj are compact, q ∈⋂Cj , which is a contradiction, since Cj is nondegenerate. 
Lemma 25. Let X be a connected topological space and Y be a connected subset of a dendrite. If f :X → Y is
continuous and injective, then for every y ∈ f [Y ] there is a base of open sets U at y such that f−1(U) is connected
for every U ∈ U .
Proof. Let V be an open neighborhood of y. By our assumptions we may find a connected neighborhood U of y
with finite boundary such that U ⊆ V . By continuity, f−1(U) is open in X and f [bd(f−1(U))] ⊆ bd(U). Since f is
injective, bd(f−1(U)) is finite.
By way of contradiction, assume there is a separation f−1(U) = A|B .
Notice that bd(A) ∪ bd(B) = bd(f−1(U)) and A and B are open. Let P be a clopen subset of cl(A). Clearly,
P is closed in X. If P ∩ bd(A) = ∅, then P ∩ A is open and closed in X, contradicting that X is connected. So,
P ∩ bd(A) = ∅. Since bd(A) is contained in the finite set bd(f−1(U)), cl(A) has at most finitely many quasicompo-
nents. It follows that cl(A) has finitely many components. Similarly, cl(B) has finitely many components.
Since bd(A) ∪ bd(B) = bd(f−1(U)), cl(f−1(U)) = cl(A) ∪ cl(B). Suppose cl(A) ∩ cl(B) = ∅. Let x ∈ cl(A) ∩
cl(B). Let C1 be the component of x in cl(A). Since cl(A) has finitely many components, C1 is clopen in cl(A). Since
x /∈ A, C1 ∩A = ∅. Similarly, if C2 is the component of x ∈ cl(B), then C2 ∩B = ∅. Since C1 and C2 are connected and
f is continuous, f [C1] and f [C2] are both connected. Let w1 ∈ f [C1 ∩A] and w2 ∈ f [C2 ∩B]. Now [w1, f (x)] ⊆
f [C1] ⊆ cl(U) and [w2, f (x)] ⊆ f [C2] ⊆ cl(U). Since U ∪ {f (x)} is connected, [w1, f (x)) ⊆ U ∩ f [C1] ⊆ f [A]
and [w2, f (x)) ⊆ U ∩ f [C2] ⊆ f [B]. Since f [A] ∩ f [B] = ∅, we have that [w1, f (x)] ∪ [w2, f (x)] = [w1,w2].
So, [w1,w2]  U . However, Y is contained in a dendrite and U is connected, so [w1,w2] ⊆ U , a contradiction. So,
cl(A)∩ cl(B) = ∅. Thus, cl(f−1(U)) = cl(A)| cl(B).
Let P be a clopen subset of X \ f−1(U). Since X \ f−1(U) is closed, P is closed in X. Since X is connected,
P ∩ bd(f−1(U)) = ∅. Since bd(f−1(U)) is finite, X \f−1(U) has at most finitely many quasicomponents. It follows
that X \ f−1(U) has finitely many components each of which has nonempty intersection with bd(f−1(U)). Let
A∗ = cl(A)∪
⋃{
C: C is a component of X \ f−1(U) and C ∩ cl(A) = ∅}
and B∗ be defined in a similar way.
By way of contradiction, assume that there is an x ∈ A∗ ∩B∗. Notice that x /∈ f−1(U). Let C be the component of
x in X \ f−1(U). Now C ⊆ A∗ ∩ B∗. Let a ∈ C ∩ cl(A) and b ∈ C ∩ cl(B). Notice a = b. Since f [C] is connected,
[f (a), f (b)] ⊆ f [C]. Since U ∪ {f (a), f (b)} is connected, [f (a), f (b)] ⊆ U ∪ {f (a), f (b)}. Since f [C] ∩ U = ∅,
[f (a), f (b)] = {f (a), f (b)}. So, f (a) = f (b). Since f is injective, a = b a contradiction. Thus, A∗ ∩B∗ = ∅.
It is easily checked that, A∗ and B∗ are closed and X = A∗ ∪ B∗. Now, X = A∗|B∗ contradicting that X is
connected. Therefore, f−1(U) is connected. 
Recall that an arc A in a continuum X is said to be free provided that A \ E(A) is open in X. By a triod we mean
a graph X such that there is a point p ∈ X with the property that X \ {p} is homeomorphic to three mutually disjoint
rays. We will say a triod T in a continuum X is free provided that T \ E(T ) is open in X. We state some basic facts
about open maps defined on dendrites, see [2, Chapter 6]:
Proposition 26. Let X be a dendrite, Y be a nondegenerate continuum and f :X → Y be open.
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(b2) if A ⊆ X is a free arc, then f [A] is a free arc of Y ,
(b3) f is a light map, and
(b4) Y is a dendrite.
Let n ∈ ω. We define the dendrite Gn in the Cartesian plane as follows. For each k ∈ ω let {zk: k ∈ ω} be a dense
subset of (3/4,1) × {0}. For every i ∈ ω let {zi,j j ∈ ω} be a dense subset of (1/42i+2,1/42i+1) × {0}. To each zk
attach a perpendicular arc Ak of length 1/2k at its endpoint. To each zi,j attach a perpendicular arc Ai,j of length
1/2i+j at its endpoint. Let W be a set of n points in (1/4,3/4) × {0}. To each w ∈ W attach a perpendicular arc Aw
of length 1 at its endpoint. Let
Gn =
(⋃
k∈ω
Ak
)
∪
( ⋃
i,j∈ω
Ai,j
)
∪
( ⋃
w∈W
Aw
)
∪ ([0,1] × {0}).
For the proof of the next lemma we will identify points in [0,1] × {0} with their first coordinate. For example, we
will write [0,1] instead of [0,1] × {0}.
Lemma 27. Let Y be a nondegenerate continuum. If f :Gn → Y is an open map, then f is a homeomorphism.
Proof. It is enough to show that f is injective.
Claim 1. f−1(f (0)) = {0}.
By way of contradiction, assume there is a q ∈ f−1(f (0)) \ {0}. By the construction of Gn, q is either an element
of a free arc of Gn or q is an element of a nondegenerate continuum contained in cl(E(Gn)). By Proposition 26, f (q)
is either an element of a free arc of Y or f (q) is an element of a nondegenerate continuum contained in cl(E(Y )).
Suppose f (q) is an element of a free arc A of Y . By Proposition 7, there is an arc B ⊆ Gn such that 0 ∈ B and
f |B :B → A is a homeomorphism. By construction of Gn, there is a nondegenerate subcontinuum L ⊆ B such that
L ⊆ cl(E(Gn)). By Proposition 26, f [L] is nondegenerate and f [L] ⊆ cl(E(Y )), contradicting that A is a free arc.
Suppose f (q) is an element of a nondegenerate continuum M contained in cl(E(Y )). By Proposition 7, there is a
continuum N ⊆ Gn such that 0 ∈ N and f |N :N → M is a homeomorphism. By construction of Gn, there is a free
arc J ⊆ N . By Proposition 26, f [J ] ⊆ M is a free arc, contradicting that M ⊆ cl(E(Y )).
Claim 2. f−1(f (1)) = {1}.
Since f−1(f (0)) = {0}, Corollary 23 guarantees that f |[0,1] is a homeomorphism. Let p ∈ f−1(f (1)). Since
[3/4,1] ⊆ cl(E(Gn)), we have f [[3/4,1]] ⊆ cl(E(Y )). Since f [[3/4,1]] is nondegenerate, f (1) = f (p) is contained
in no free arc of Y . By Proposition 26, p is contained in no free arc of Gn. By construction of Gn, p ∈ [0,1]. Since
f |[0,1] is a homeomorphism, p = 1. Thus, f−1(f (1)) = {1}.
Claim 3. f−1(f [[0,1]]) = [0,1].
Let r ∈ f−1(f [[0,1]]). There is a t ∈ [0,1] such that f (t) = f (r). By Corollary 23 and the two previous claims,
f |[0, r] and f |[r,1] are homeomorphisms. Since Gn is a dendrite, [0,1] ⊆ [0, r] ∪ [1, r]. Since t ∈ [0, r] ∪ [1, r], we
must have r = t .
Claim 4. f is injective.
Let x, z ∈ Gn and f (x) = f (z). If either x or z is in [0,1], then x = z by Claim 3 and that f |[0,1] is a homeo-
morphism. So, we will assume that [0,1] ∩ {x, z} = ∅. Let t be such that [0, x] ∩ [0,1] = [0, t] and v be such that
[0, z] ∩ [0,1] = [0, v].
Assume that t < v in [0,1]. So, f (v) /∈ f [[0, t]]. By Claim 3, f (v) /∈ f [[0, x]] = [f (0), f (x)] = [f (0), f (z)] =
f [[0, z]], a contradiction. So, t < v. Similarly, v < t . Thus, v = t .
320 F. Jordan / Topology and its Applications 154 (2007) 309–325Since v = t and t is a point of order three we must have [0, x] ⊆ [0, z] or [0, x] ⊆ [0, z]. Since f |[0, x] and f |[0, z]
are homeomorphisms, x = z. 
Lemma 28. Let n, k ∈ ω. If Gn is homeomorphic to Gk , then k = n.
Proof. It is enough to notice that Gn contains precisely n free triods. 
For each ordered pair (i, j) ∈ ω × ω let Hi,j be a continuum of diameter 1/2i+j homeomorphic to G2i3j and
pi,j ∈ Hi,j be the point corresponding to (0,1) in the construction of G2i3j . Let I be a copy of the unit interval
[0,1] and D = {di : i ∈ ω} be a dense subset of I \ E(I ). Let H be the dendrite formed by identifying pi,j and di for
every i, j ∈ ω. Let R be homeomorphic to (0,1]. Let e denote the endpoint of R. Let X be a continuum such that
X = H ∪R, H ∩R = ∅, and cl(R) \R = I .
For the remainder of this section we fix a connected nondegenerate partition S of X into compacta. We let F denote
the membership function of S . Since the partition is connected, every element of S is nowhere dense.
Lemma 29. If S ∈ S , then |R ∩ S| 1.
Proof. Suppose there are w,x ∈ S ∩R such that x = w. Without loss of generality, we may assume that w separates
x from e. Now (x, e] is open, F(x)∩ (x, e] = ∅, and bd((x, e]) ⊆ F(x). So, by Proposition 6(a4), F((x, e]) = S .
Let m ∈ R be such that [m,e] =⋂{[t, e]: F [[t, e]] = S}. Since the elements of S are compact, F |([m,e]) = S .
Notice that either F |(m, e] : (m, e] → S or F |[m,e] : [m,e] → S will be a bijection. If F |[m,e] is a bijection, let
J = [m,e], otherwise let J = (m, e]. Define g :S → J so that {g(S)} = S∩J for all S ∈ S . Notice that g is continuous.
There is a p ∈ J such that p = g(F (d)) for some d ∈ D. By Lemma 24 and the construction of X, S \ {F(p)} has
infinitely many components. By Lemma 25, we can find for every z ∈ J \ {p} a J -open neighborhood U such that
g−1(U) is connected and p /∈ U . It follows that S \ {F(p)} has at most two components, a contradiction. 
A compact space W is called a perfect compactification of a space Z provided that Z is dense in W and for any
closed subset C of Z if C separates two subsets A and B of Z, then clW(C) separates A and B in W . A space Z is
said to be rim compact provided that every point of X has a base of open sets with compact boundaries. In particular,
regular spaces are rim compact.
Proposition 30. [11, Theorem 4.2, Corollary 4.5] Let Z be a separable metric space. If Z is connected, locally
connected, and the components and quasicomponents of each subspace of Z are the same and Z is rim compact, then
there is a hereditarily locally connected continuum W which is a perfect compactification of Z and W \ Z contains
no nondegenerate continuum.
Lemma 31. F [R] is homeomorphic with (0,1].
Proof. Define g :F [R] → R so that {g(S)} = R ∩ S for every S ∈ F [R]. It is easily checked that g is continuous and
injective.
We claim that F [R] is regular. Let S ∈ F [R]. Let r = d(H, {g(S)}). Let U = 〈U1, . . . ,Un〉 be a basic open neigh-
borhood of S such that diam(Ui) < r/4 and bd(Ui)∩H is finite for all i, U1 ∩ S = {g(S)}, and |bd(U1)| 2. Let T ∈
bd(U) ∩ F [R]. Since diam(U) < r/4, we must have g(T ) ∈ cl(U1) ⊆ R. By Lemma 29, T \ {g(T )} ⊆ H . If g(T ) /∈
bd(U1), then T ∩ (⋃ni=1 bd(Ui)) is nonempty and contained in H . Thus, T ∩ (bd(U1) ∪ (⋃ni=1(H ∩ bd(Ui)))) = ∅.
Since S is a partition, it follows that bdF [R](U) is finite. So, we have the claim.
We claim that F [R] is locally connected. Let S ∈ F [R] and U be a neighborhood of S in F [R]. Let V ⊆ U be an
open neighborhood of S such that bdF [R](V ) is finite. Since F [R] is open in S , we may assume that V is open in S and
bdS(V ) = bdF [R](V ). Since S is connected and V is open, any relatively clopen subset of cl(V ) must have nonempty
intersection with bd(V ). Since bd(V ) is finite, it follows that cl(V ) has only finitely many quasicomponents. It follows
that each quasicomponent of cl(V ) is connected and relatively open. In particular, the quasicomponent of S in cl(V )
is a connected neighborhood of S.
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Corollary 9] guarantees that Q is a component of F [R]. Since F [R] is open in S and locally connected, Q is open
in S . If F [R] = S , then we have the claim. So, we assume that F [R] = S . In this case, there is a T ∈ bd(Q). Since
T ∈ cl(F [R]) \ F [R], there is a sequence (Tn)n∈ω in Q converging to T such that lim sup(Tn ∩ R) ⊆ I . Since g
is continuous, g(Q) is connected. Now, g(Q) is connected, e ∈ g[Q], and cl(g[Q]) ∩ I = ∅. So, R = g(Q). Thus,
F [R] =Q.
Let S and T be distinct points of F(R). Let u ∈ R be such that u separates g(S) from g(T ). Without loss of
generality, we may assume that g(T ) ∈ (u, e] and g(S) ∈ R \ (u, e]. Let C be the component of S \ {F(u)} that
contains T . Let C be the quasicomponent of F−1(C) that contains g(T ). Clearly, C ⊆ (u, e]. Since C = F [C] and
F |R is an injection, F(s) /∈ C. Thus, F(u) separates S and T .
Since F [R] is connected and regular, components and quasicomponents of each subspace of F [R] are the same [6,
Corollary 9]. By Proposition 30, there is a perfect connected locally connected metric compactification W of F [R].
Since any two points of F [R] are separated by a third point and the compactification is perfect, W is a dendrite. Since
W \F [R] contains no nondegenerate continuum and F [R] is connected, W \F [R] ⊆ E(W). Suppose T ∈ F [R]. Let
V be an open neighborhood of T . Since g is continuous and F [R] is locally connected, there is a connected open
neighborhood U of T such that U ⊆ V and cl(g[U ]) is a continuum contained in R. So, |bdR(g[U ])|  2. Since g
is injective and continuous, g[bd(U)] ⊆ bd(g[U ]). Thus, ord(T )  2. Since, every point of W has order 1 or 2, it
follows that W is an arc [9, 9.5].
Since W is an arc, F [R] is homeomorphic with [0,1], (0,1], or (0,1). Since R is not compact, F [R] is not
homeomorphic with [0,1]. Since there is no injective continuous function from (0,1) onto R, it must be that F [R] is
homeomorphic to (0,1]. 
Lemma 32. F−1(F [R])∩ I = ∅.
Proof. By way of contradiction, assume there is a x ∈ F−1(F [R]) ∩ I . Since F [R] is homeomorphic to (0,1], there
is a nondegenerate continuum K⊆ F [R] such that F(x) ∈K. By Proposition 6(a1) and compactness of ⋃K, there is
a continuum K ⊆⋃K such that x ∈ K and F [K] = K. Since K is nondegenerate, it follows from the construction
of X that K ∩ D = ∅. Let d ∈ K ∩ D. By Lemma 24, S \ {F(d)} has infinitely many components. Since F [R] is
open and F(d) ∈ F [R], it follows that F [R] \ {F(d)} has infinitely many components which contradicts that F [R] is
homeomorphic to (0,1]. 
Lemma 33. Every element of F [R] is totally disconnected.
Proof. By way of contradiction, assume there is an S ∈ F [R] with a nondegenerate component K . Since S is con-
nected, K must be nowhere dense in X. Since F−1(F [R])∩I = ∅ and every nondegenerate connected subset of R has
interior, K ⊆ H \ I . Since K is a dendrite, there are uncountably many x ∈ K such that ordK(x) = 2 [9, 10.8,10.23].
Since H is a dendrite there are only countably many points of H of order greater than two in H . So, there is a p ∈ K
such that ordK(p) = ordH (p) = 2. Since p ∈ H \ (I ∪ R), we have ordK(p) = ordX(p) = 2. It follows that we may
find arbitrarily small open neighborhoods U of p such that bd(U) ⊆ K ⊆ F(p). By Proposition 6(a4), there are arbi-
trarily small open neighborhoods U of p such that F [U ] = F [R]. By compactness of the elements of F [R], we have
p ∈⋂F [R], a contradiction since F [R] is nondegenerate. 
For the remainder of this section let E stand for S \ F [R].
Lemma 34. R = F−1(F [R]).
Proof. By way of contradiction, assume there is a q ∈ H ∩F−1(F [R]). By Lemma 32, F−1(F [R]) can be embedded
into a dendrite. By Lemmas 9 and 31, there is a homeomorphism selector h :F [R] → F−1(F [R]) such that h[F [R]]
is homeomorphic to (0,1] and q ∈ h[F [R]]. Let {r} = cl(h[F [R]]) \ h[F [R]]. Let s = h(F (e)).
We claim that E is connected and bd(F [R]) = {F(r)}. By Lemma 32, F [R] = S . Since S is connected,
bd(F [R]) is nonempty. Let T ∈ bd(F [R]). Let Tn ∈ F [R] be such that limTn = T . Since h is a selector, we have
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F [R] is open, and bd(F [R]) is connected, E is connected.
We claim that dn satisfies the hypothesis of Lemma 24 with respect to F−1(E) for every n ∈ ω. By the construc-
tion of X, X \ {dn} has infinitely many clopen components {Dk: k ∈ ω} such that limDk = dn. By Lemma 32,
dn /∈ F−1(F (R)). So, if Q a quasicomponent of F−1(F [R]) and Dk ∩ Q = ∅ for some k, then Q ⊆ Dk . So,
Proposition 6(a2) guarantees that F [Dk] = F [R] for every Dk such that Dk ∩F−1(F [R]) = ∅. Since F [R] is nonde-
generate and limDk = dn, it must be that Dk ∩ F−1(F [R]) = ∅ for at most finitely many k ∈ ω. Thus, the collection
{Dk: k ∈ ω and Dk∩F−1(F [R]) = ∅} is a infinite collection of clopen subsets of F−1(E)\{dn} such that limDk = dn.
We claim that F−1(E) is connected. By Lemma 32, there is a component C of F−1(E) such that I ⊆ C. Since
I contains points satisfying the hypothesis of Lemma 24 with respect to F−1(E), there is a point S ∈ E such that
E \ {S} has infinitely many components. Since E is connected, ordE (S) is infinite. Let A be a component of F−1(E).
By Proposition 6(a2), F [A] = E . Since F−1(E) is regular, Lemma 12 guarantees that ordE (F (x)) ordF−1(E)(x) for
all x ∈ A. Thus, A must contain a point of infinite order. By the construction of H , we must have that A∩ I = ∅. So,
A = C. Thus, F−1(E) is connected.
Let B be the component of q in F−1(F [R]). By Lemma 32, B ⊆ H \ I . It follows that bd(B) ⊆ H . Suppose there
are distinct points x, y ∈ bd(B). Since cl(B) ⊆ H there is an arc A1 from x to y such that A1 \ {x, y} ⊆ B . Since H is
locally connected, x, y ∈ cl(F−1(E)). Since F−1(E) is connected and contained in H , there is an arc A2 from x to y
such that A2 \ {x, y} ⊆ F−1(E). Now A1 ∪A2 is a simple closed curve in H which is impossible. Thus, |bd(B)| = 1.
Since h[F [R]] ⊆ B and r /∈ F−1(F [R]), it follows that bd(B) = {r}.
Suppose that r /∈ I . Since F(r) ∈ cl(F [R]), there is a t ∈ I ∩ F(r). Since F−1(E) is regular and r is not in I ,
Lemma 12 guarantees that ordE (F (r)) is finite. Since E is a connected partition of a subset of a dendrite, Lemma 9
guarantees that there are subsets L and J of F−1(E) such that r ∈ L, t ∈ J and there exist homeomorphism selectors
h1 :E → L and h2 :E → J such that h1(F (r)) = r and h2(F (r)) = t . There is a connected L-open set U such that
r ∈ U and U ∩ I = ∅. The order of every point of U is finite. So, every point of h−11 (U) has finite order. Let d ∈ D.
Since d satisfies the hypothesis of Lemma 24 with respect to F−1(E), E \ {F(d)} has infinitely many components.
Since E is connected, it follows that F(d) has infinite order. So, F [D] ∩ h−11 (U) = ∅. Since F(t) = F(r) ∈ h−11 (U),
t ∈ I \D. Since h2[h−11 (U)] is connected and nondegenerate and t ∈ h2[h−11 (U)], h2[h−11 (U)] ∩D = ∅. So, there is
a d ∈ D such that F(d) ∈ h−11 (U), which contradicts that F [D] ∩ h−11 (U) = ∅. Thus, r ∈ I .
Since r ∈ I and B ∩ I = ∅, it follows from the construction of H that r = dn for some n ∈ ω. Since B is connected,
B is contained in a component E of H \ {dn}.
We claim that E = B . By way of contradiction, assume that there is a w ∈ E∩F−1(E). Since F−1(E) is connected
and contains I , [w,dn] ⊆ F−1(E). On the other hand, [q, dn) ⊆ F−1(F [R]). Since dn has order 1 in E, [w,dn) ∩
[q, dn) = ∅, which is a contradiction since F−1(E) ∩ F−1(F [R]) = ∅. Since E ∩ F−1(E) = ∅, E is a component of
F−1(F [R]). So, B = E.
Let z be an endpoint of B . Since F−1(F [R]) ∩ I = ∅, F(z) is a regular set in X. So, by Lemma 12,
ordF [R](F (z)) = 1. So, F(z) = F(e). Thus, cl(E(B)) ⊆ F(e). It follows from the construction of H that cl(E(B))
contains a nondegenerate continuum which is impossible since f (e) is totally disconnected. This gives the final con-
tradiction. 
Lemma 35. If C is a component of E , then there is a t ∈ I such that {t} ∈ C. In particular, F−1(C) is connected.
Proof. Since E = S and S is connected, bd(C) = ∅. Let T ∈ bd(C). Since C is a component of the closed set E , T ∈ C.
We claim that T ∈ cl(F [R]). Suppose it is not the case. There is an S-open set U such that T ∈ U ⊆ cl(U) ⊆ E . By
Lemma 34, E is a partition of H . So, E is regular. Hence, we may assume that bdS(U) is finite. Since S is connected,
every relatively clopen subset of cl(U) has nonempty intersection with bd(U). Since bd(U) is finite, it follows that
cl(U) has finitely many quasicomponents. So, each component of cl(U) is open in cl(U). Since T ∈ C, the component
of T in cl(U) is contained in C. Thus, T is in the interior of C, a contradiction.
By Lemmas 34 and 29, T is a singleton and T ⊆ I . Let T = {t}.
Let C be a component of F−1(C). Since {t} ∈ C, t ∈ C. Thus, F−1(C) has only one component. 
Lemma 36. Let i ∈ ω. There is a component C of E such that ⋃ Hi,j ⊆ F−1(C).j∈ω
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connected and F−1(D) ∩ I = ∅. So, di ∈ F−1(D). Since S is a partition, Hi,j ⊆ F−1(D). Since di ∈⋂j∈ω Hi,j , the
lemma follows. 
Lemma 37. F−1(F [I ]) = I .
Proof. Assume x ∈ F−1(F [I ]) \ I . There is a w ∈ I such that F(x) = F(w). Let C be the component of F(x) in E .
Since x /∈ I , there exist j, k ∈ ω such that x ∈ Hj,k . By Lemmas 35 and 36, C is nondegenerate.
Let h :C → X be a homeomorphism selector such that w ∈ h[C]. Since h[C] is a nondegenerate connected set and
w ∈ h[C], there exists a (possibly constant) sequence (di)i∈ω such that limdi = w and di ∈ h(C) for every i ∈ ω.
Let g :C → X be a homeomorphism selector such that x ∈ g[C]. For each i ∈ ω let zi = g(h−1(di)). By continuity,
lim zi = x. By Lemma 36, F−1(C) \ {di}, has infinitely many clopen components for every i. By Lemma 24, C \
{F(di)} has infinitely many components for every i ∈ ω. So, ordC(F (zi)) is infinite for every i ∈ ω. Let l be large
enough that zl /∈ I . By Lemma 12 and the construction of H , ordC(F (zl)) is finite, a contradiction. 
Lemma 38. If C is a component of E , then F |F−1(C) is a homeomorphism.
Proof. By Lemma 9, C is a subset of a dendrite. By Lemma 35, there is a t ∈ I such that {t} ∈ C. By Lemma 22,
F |[t, x] is continuous for every x ∈ F−1(C). For any two points x, z ∈ F−1(C), [x, z] ⊆ [x, t] ∪ [z, t]. In particular,
F |A is continuous for every arc in F−1(C). Since C is regular and F−1(C) is connected, Lemma 8 guarantees that
F |F−1(C) is continuous. Since the membership function is open, F |F−1(C) is an open map.
Suppose i, j ∈ ω and Hi,j ∩ F−1(C) = ∅. By Lemma 36, Hi,j ⊆ F−1(C). We claim that F |Hi,j is an open map.
By construction, Hi,j \ {di} is open in X. So, F |Hi,j is interior at every point of Hi,j \ {di}. Suppose now that
(Sn)n∈ω is a sequence in F [Hi,j ] such that limSn = F(di). For each n pick xn ∈ Hi,j such that F(xn) = Sn. Since
Hi,j is compact, lim supxn is nonempty and contained in Hi,j . Let x ∈ lim supxn. By continuity, F(x) = F(di).
By Lemma 36, F−1(C) \ {di} has infinitely many clopen components. So, Lemma 24 guarantees that C \ {F(x)}
has infinitely many components. In particular, ordC(F (x)) = ω. Since F−1(C) is regular, Lemma 12 guarantees that
ordX(x) = ω. By construction of X, we must have x = di . Thus, F |Hi,j is an open map. By Lemma 27, F |Hi,j is a
homeomorphism.
By Lemma 37, F |(F−1(C)\ I ) is an open map onto C \f [I ]. Suppose x,w ∈ F−1(C)\ I and F(x) = F(w). There
exist i, j, l, k ∈ ω such that x ∈ Hi,j \ {di} and w ∈ Hl,k \ {dl}. Let D be the component of C \ F [I ] which contains
F(x) = F(w). By construction, Hi,j \ {di} is connected. So, F [Hi,j \ {di}] ⊆ D. By Lemma 37, F [Hi,j ] ∩ D =
F [Hi,j \ {di}]. Since F [Hi,j ] is compact, F [Hi,j \ {di}] is closed in D. Since F is open, F [Hi,j \ {di}] is open in D.
So, D = F [Hi,j \ {di}]. By continuity and compactness, F [Hi,j ] = D ∪ {F(di)} = cl(D). By a similar argument,
we have F [Hl,k] = cl(D). Thus, Hi,j is homeomorphic to Hl,k . By construction and Lemma 28, Hi,j = Hl,k . Since
F |Hi,j is injective, x = w. So, F |(F−1(C) \ I ) is injective.
Since F−1(C) \ I is dense in F−1(C) and F |F−1(C) is an open map and F |(F−1(C) \ I ) is injective, F |F−1(C) is
injective. 
Lemma 39. F is a homeomorphism.
Proof. Since F |F−1(C) is a homeomorphism for each component of C of E , it follows that F |F−1(E) is a injection
onto E . By Lemmas 29 and 34, F |F−1(F [R]) is a injection onto F [R]. Thus, F is a bijection. Since F is a selector,
it follows that F(x) = {x} for every x ∈ X. So, F is a homeomorphism. 
8. Example 1
For each n ∈ ω let Hn be a copy of the dendrite Gn in Section 7 with diameter 1/2n. Let H be the dendrite formed
by identifying the points corresponding to (0,1) in each Hn to a single point p. Let X be the continuum formed by
attaching a simple closed curve J to H in such a way that H ∩ J = {p}.
Let S be a fixed nondegenerate connected partition of X into compacta with membership function F .
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Proof. Let L be an arbitrary simple closed curve in S . We claim that F [J ] ⊆ L. If it is not the case, J  F−1(L). So,
F−1(L) is a subset of a dendrite. By Lemma 9, L cannot be a simple closed curve. Thus, F [J ] ⊆ L.
By way of contradiction assume that there exist two distinct simple closed curves L1 and L2 in S . Let S ∈ L1 \L2
and T ∈ L2 \ L1. By the claim, F [J ] ⊆ L1 ∩ L2. Since S is connected and int(J ) = ∅, F [J ] contains at least three
distinct points P,Q,R. Let A1 ⊆ L1 be an arc containing P , R, and S such that Q /∈ A1. Let A2 ⊆ L2 be an arc
containing P , R and T such that Q /∈A2. Since S /∈A2 and T /∈A1, A2 ∪A1 must contain a simple closed curve L3.
Since Q /∈A2 ∪A1, Q /∈ L3. By the claim of the first paragraph, Q ∈ F [J ] ⊆ L3. So, we have a contradiction. 
Lemma 41. S is arcwise connected.
Proof. By Proposition 6(a1), (a3), S is locally connected and regular. By [6, Corollary 9], the components and qua-
sicomponents of each subspace of S are the same. Let W be the compactification of S guaranteed by Proposition 30.
Since W is a perfect compactification and W \ S contains no continuum, it follows from Lemma 40 that W contains
only one simple closed curve. Since S is a connected subset of W and W is a locally connected continuum containing
at most one simple closed curve, S is arcwise connected [15]. 
Lemma 42. F |Hn is a homeomorphism for every n ∈ ω.
Proof. By Lemmas 12 and 24, F(p) = {p}.
Let x ∈ Hn. Let A ⊆ S be an arc from F(p) to F(x). Since A is compact, F−1(A) is compact and
F |F−1(A) :F−1(A) →A is an open map. By Proposition 7, there is an arc A ⊆ F−1(A) such that x ∈ A, F [A] =A,
and F |A :A → A is a homeomorphism. Since F(p) = {p} and x ∈ Hn, we must conclude that A is the unique arc
from p to x. So, F |[p,x] is continuous for every x ∈ Hn.
Let [w,y] ⊆ Hn be arbitrary. Since F |[p,w] and F |[p,y] are continuous and [w,y] ⊆ [p,w] ∪ [p,y], F |[w,y]
is continuous. Notice that the point-inverses of F are compact. By Lemma 8, F |Hn is continuous.
We show that F |Hn :Hn → F [Hn] is an open map. By construction, Hn \ {p} is open in X. So, F |Hn is interior
at every point of Hn \ {p}. Suppose now that (Sk)k∈ω is a sequence in F [Hn] such that limSk = F(p). For each
k pick xk ∈ Hn such that F(xk) = Sk . Since Hn is compact, lim supxk is nonempty and contained in Hn. Let x ∈
lim supxk . By continuity, F(x) = F(p). By Lemma 24, S \ {F(x)} has infinitely many components. In particular,
ordS(F (x)) = ω. Since X is regular, Lemma 12 guarantees that ordX(x) = ω. By construction of X, we must have
x = p. Thus, F |Hn is an open map. By Lemma 27, F |Hn is a homeomorphism. 
Lemma 43. F−1(F [J ]) = J .
Proof. By way of contradiction, assume that there is an x ∈ X\F−1(F [J ]). For some n we have x ∈ Hn. LetD be the
component of S \ {F(p)} such that F(x) ∈D. Since Hn \ {p} is connected and F |Hn is continuous, F [Hn \ {p}] ⊆D.
Since Hn \ {p} is open in X, F [Hn \ {p}] is open in D. Since F [Hn] is compact and F [Hn] ∩ D = F [Hn \ {p}],
F [Hn \ {p}] is closed in D. So, D = F [Hn \ {p}]. By Lemma 42, D ∪ {F(p)} is homeomorphic to Hn.
Let w ∈ J be such that F(w) = F(x). Let M be the component of F−1(D) such that w ∈ M . Since p /∈ F−1(D),
M ⊆ J \{p}. By Proposition 6(a2), F [M] =D. By Lemma 8, every point ofD has order at most two which contradicts
that D ∪ {F(p)} is homeomorphic to Hn. 
Lemma 44. S is compact.
Proof. Since F [J \ {p}] is open, Lemma 43 yields that bd(F [J ]) = {F(p)}. Since S is connected, it follows that
F [J ] is connected. Since F−1(F [J ]) = J , Theorem 2 guarantees that F [J ] is compact.
By Lemma 43, F−1(F [(X \ J ) ∪ {p}]) = (X \ J ) ∪ {p}. Since F [(X \ J )] is open, bd(F [(X \ J )]) = {F(p)}.
Since S is connected, it follows that F [(X \ J ) ∪ {p}] is connected. So, F [(X \ J ) ∪ {p}] is a connected partition of
the dendrite (X \ J )∪ {p}. By Theorem 1, F [(X \ J )∪ {p}] is compact. Thus, S is compact. 
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